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ABSTRACT
The purpose of this paper is to introduce r*bg* - closed maps and r*bg* - open maps and study their behaviour and
properties in topological spaces. Additionally we discuss some relationships between r*bg* - closed maps and other
existing closed maps. Moreover we investigate and obtain some interesting theorems.
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INTRODUCTION

Levine [9] introduced the concept of generalized
closed sets in topological spaces. Andrijevic [2]
introduced and studied the concepts of b-open sets.
Palaniappan et.al [16] introduced and investigate the
concept of regular generalized closed set. Elakkiya et.
al [8] introduced and studied r*bg* - closed sets.
Generalized closed mappings were introduced and
studied by Malghan [12]. rg - closed maps were
introduced and studied by Arokiarani [3]
A.A.Omari and M.S.M. Noorani [1] introduced and
studied b-closed maps. Muthuvel etal [14]
introduced and studied b* - closed maps in
topological spaces.

In this paper, we introduce
r*bg* - closed maps and r*bg* - open maps in
topological spaces and investigate some of their
properties.

2 Preliminaries
Definition 2.1: A subset A of a topological space
(X, 1) is said to be
i. Generalized closed (briefly g - closed) set
[9] if cl(A) € U whenever A € U and U is

open in X.

ii. semi - generalised closed
(briefly sg - closed) set [5] if
scl(A) < U whenever A € U and U is semi
open in X.

iii. generalized semi closed (briefly gs - closed)
set [4] if scl(A) € U whenever A< U and U
is open in X,

iv. generalized a — closed (briefly ga - closed)
set [11] if acl(A) < U whenever A € U and
Uis a—openinX.

V. semi — weakly generalized closed (briefly
swg — closed) set [15] if cl(int(A)) < U
whenever A < U and U is semi open.

Vi. regular generalized closed
(briefly rg - closed) set [16] if cl(A) < U
whenever A € U and U is regular open in X.

vii. o — generalized  regular  closed
(briefly agr - closed) set [18] if acl(A) & U
whenever A € U and U is regular open in X.

viii. b* - closed set [13] if int(cl(A)) € U
whenever A € U and U is b — open in X.

ix. g*s — closed set [17] if scl(A) < U whenever
A c UandU isgs—openin X.

X. r*bg* - closed set [8] if rbcl(A) € U
whenever A cU and U is b — open in X.

Xi. b — closed set [2] if cl(int(A)) n int(cl(A))
cA

Definition 2.2 :
Let X and Y be two topological spaces. A map
f: (X, 1) — (Y, 0) is called
i. g - closed map [12] if the image of every
closed set in (X, 1) is g - closed in (Y, o).

ii. b - closed map [1] if the image of every
closed set in (X, 1) is b - closed in (Y, o).

iii. sg - closed map [7] if the image of every
closed set in (X, 1) is sg - closed in (Y, o).

iv. gs - closed map [6] if the image of every
closed set in (X, 1) is gs - closed in (Y, o).

V. go - closed map [10] if the image of every
closed set in (X, 1) is ga - closed in (Y, o).

Vi. swg - closed map [15] if the image of every
closed set in (X, 1) is swg - closed in (Y, o).
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Vil rg - closed map [3] if the image of every
closed set in (X, 1) is rg - closed in (Y, o).
viii. agr - closed map [18] if the image of every

closed set in (X, 1) is agr - closed in (Y, o).

iXx. b* - closed map [14] if the image of every

closed set in (X, 7) is b* - closed in (Y, o).

X. g*s - closed map [17] if the image of every

closed set in (X, 1) is g*s - closed in (Y, o).
3 r*bg* - Closed Maps and r*bg* - Open Maps
Definition 3.1 Let X and Y be two topological
spaces. A map f : (X, 1) — (Y, o) is called
r*bg* - closed map if the image of every closed set
in (X, 1) is r*bg* - closed in (Y, o).
Example 3.2

Let X =Y = {a, b c} with topologies
t={p, X, {a}} ando={0, Y, {b}}. Letf: X > Y
be defined by f(a) = b, f(b) = a, f(c) = c. Then f is
r*bg* - closed map.
Definition 3.3

Let X and Y be two topological spaces. A
map f: (X, 1) — (Y, o) is called r*bg* - open map if
the image of every open set in (X, 1) is r*bg* - open
in (Y, o).
Example 3.4

Let X = Y = {a, b c} with topologies
t={p, X, {a}} and 6 = {9, Y, {a}, {b, c}}. Let
f: X — Y be the identity map. Then f is r*bg* - open
map.
Theorem 3.5

If f: X — Y be a function from a
topological space (X, 1) into a topological space
(Y, o) is an closed map then it is r*bg* - closed map
but not conversely.
Proof :Let f: X — Y be an closed map. Let F be any
closed set in X. Then f (F) is an closed set in Y. Since
every regular closed set is r*bg* - closed set and
every regular closed is closed, f(F) is a r*bg* - closed
set. Therefore f is r*bg* - closed map.
The converse of the above theorem need not be true
as seen from the following example.
Example 3.6

Let X =Y = {a, b c} with topologies
t={p, X, {b}}andco={op, Y, {c}}.Letf: X > Y
be the identity map. Then f is r*bg* - closed but not
closed. Since the image of the closed set {a, c} in X
is {a, c} is not closed in Y.
Theorem 3.7

Every r*bg*- closed map is b — closed map but not
conversely.
Proof:

Let f: X — Y be r*bg* - closed map and V be an
closed set in X then f (V) is r*bg* - closed in Y.
Since every r*bg* - closed set is b — closed set, f(V)
isa b—closed setin Y. Then fis b — closed map.
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The converse of the above theorem need not be
true as seen from the following example.
Example 3.8

Consider X = Y = {a, b, c} with topologies
t={0, X,{a}} and ={o, Y, {c},{a,c}}. Letf: X > Y
be an identity map. Then f is b — closed map but not
r*bg* - closed map, since for the closed set {b, c} in
X, f({b, c}) = {b, c} is not r*bg* - closed in Y.
Theorem 3.9

Every r*bg*- closed map is g — closed map but not
conversely.

Proof:

Let f: X — Y be r*bg* - closed map and V be an
closed set in X then f (V) is r*bg* - closed in Y.
Since every r*bg* - closed set is g — closed, f(V) is
g - closed in Y. Then fis g — closed map.

The converse of the above theorem need not be true
as seen from the following example.

Example 3.10

Consider X = Y = {a, b, c} with topologies
t={0p, X,{a}} and ={@, Y, {b}}. Let f: X — Y be an
identity map. Then f is g — closed map but not
r*bg* - closed map, since for the closed set {b, c} in
X, f({b, c}) = {b, c} is not r*bg* - closed in Y.
Theorem 3.11

Every r*bg*- closed map is gs — closed map but not
conversely.

Proof:

Let f: X — Y be r*bg* - closed map and V be an
closed set in X then f (V) is r*bg* - closed in Y.
Since every r*bg* - closed set is gs — closed, f(V) is
gs - closed in Y. Then f is gs — closed map.

The converse of the above theorem need not be
true as seen from the following example.
Example 3.12

Consider X = Y = {a, b, c} with topologies
t={p, X,{a}, {a,b}} and ={0, Y, {b},{a, b}, {b, c}}.
Let f: X — Y be an identity map. Then f is
gs — closed map but not r*bg*-closed map, since for
the closed set {b, c} in X, f({b, c}) = {b, c} is not
r*bg* - closed in Y.

Theorem 3.13

Every r*bg*- closed map is go — closed map but
not conversely.
Proof:

Let f: X — Y be r¥*bg* - closed map and V be an
closed set in X then f (V) is r*bg* - closed in Y.
Since every r*bg* - closed set is ga — closed, f(V) is
ga - closed in Y. Then f'is ga — closed map.

The converse of the above theorem need not be
true as seen from the following example.
Example 3.14
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Consider X = Y = {a, b, c} with topologies
T ={p, X,{c}, {a, c}} and ={¢, Y, {a},{a, b}}. Let
f: X — Y be defined by f(a) = ¢, f(b) = b, f(c) = a.
Then f is ga — closed map but not
r*bg*-closed map, since for the closed set {b} in X,
f({b}) = {b} is not r*bg™* - closed in Y.

Theorem 3.15

Every r*bg*- closed map is swg - closed but not
conversely.

Proof:

Let f: X — Y be r*bg* - closed map and V be an
closed set in X then f (V) is r*bg* - closed in Y.
Since every r*bg* - closed set is swg — closed, f(V) is
swg - closed in Y. Then f is swg — closed map.

The converse of the above theorem need not be
true as seen from the following example.

Example 3.16
Consider X = Y = {a, b, c} with topologies
© ={o, X, {b}, {a, b}, {b c}} and

o={0,Y,{a}, {b, c}}. Let f: X — Y be an identity
map. Then f is swg — closed map but not
r*bg* - closed map, since for the closed set {c} in X,
f({c}) = {c} is not r*bg™ - closed in Y.

Theorem 3.17

Every r*bg* - closed map is rg — closed map but
not conversely.
Proof:

Let f: X — Y be r*bg* - closed map and V be an
closed set in X then f (V) is r*bg* - closed in Y.
Since every r*bg* — closed is rg - closed in Y, f(V) is
rg — closed in Y. Then f is rg — closed map.

The converse of the above theorem need not be
true as seen from the following example.

Example 3.18
Consider X = Y = {a, b, c} with topologies
t ={o, X, {b}, {a, b}, {b, c}} and

o={0, Y, {a}, {a, b}}. Let f: X — Y be an identity
map. Then f is rg — closed map but not r*bg*-closed
map, since for the closed set {a, c} in X,
f({a, c}) = {a, c} is not r*bg* - closed in Y.

Theorem 3.19

Every r*bg*- closed map is agr — closed map but
not conversely.
Proof:

Let f: X — Y be r¥bg* - closed map and V be an
closed set in X then f (V) is r*bg* - closed in Y.
Since every r*bg* - closed set is agr — closed, f(V) is
agr — closed in Y. Then fis agr — closed map.

The converse of the above theorem need not be
true as seen from the following example.
Example 3.20

Consider X = Y = {a, b, c} with topologies
1={0, X, {b}, {a, c}} and 6 ={o, Y, {a},{a, b}}. Let
f: X — Y be an identity map. Then f'is agr — closed
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map but not r*bg*-closed map, since for the closed
set {b} in X, f({b}) = {b} is not r*bg* - closed in Y.
Remark 3.21
The following examples show that r*bg* - closed

maps are independent of sg — closed maps,
g*s - closed maps.
Example 3.22

Let X = Y = {a b, c} with the topologies
T = {o, X, {c}, {a, b}} and
oc={o, Y, {a}, {b},{a,b}}. Let f: X — Y be defined
by f(a) = a, f(b) = ¢, f(c) = b. Then f is sg — closed
map but not r*bg* - closed map.

Example 3.23

Let X = Y = {a b, c} with topologies
t= {0, X, {a}, {b}, {a,b}} and o = {0, Y, {b}}. Let
f: X — Y be defined by f(a) = a, f(b) =c¢, f(c) =b.
Then fis r*bg* - closed map but not sg — closed map.
Example 3.24

Let X = Y = {a b, c} with topologies
T={0p, X, {c}} and 6 = {0, Y, {a}, {b, c}}. Let
f: X — Y be an identity map. Then fis g*s — closed
map but not r*bg* - closed map.

Example 3.25

Let X = Y = {a b, c} with topologies
t={p, X, {a}} ando = {p, Y, {c}}. Let f: X > Y
be defined by f(a) = c, f(b) = a, f(c) = b. Then f is
r*bg* - closed map but not g*s — closed map.
Theorem 3.26

Every open map in (X, t) is r*bg* - open map but
not conversely.
Proof :

Let f: X — Y be an open map. Let F be any open
set in X. Then f(F) is an open set in Y. Since every
regular open set is r*bg* - open and every regular
open is open, f(F) is a r*bg* - open set. Therefore f is
r*bg* - open map.

The converse of the above theorem need not be true
as seen from the following example.

Example 3.27

Let X = Y = {a b, c} with topologies
t={¢, X, {c}} and o = {o, Y, {a}, {b}, {a, b},
{b, c}}. Let f: X — Y be the identity map. Then f is
r*bg* - open map but not an open map, Since the
image of the open set {c} is notopeninY.

Remark 4.33

The following diagram shows the relationship
between r*bg* - closed maps with various existing
closed maps.

In this diagram CM means closed maps.
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Theorem 3.28

A map f: X — Y is r*bg* - closed if and only if for
each subset S of Y and for each open set U
containing f 1 (S) there exists a r*bg* - open set V of
Y suchthat S € V and f (V) € U.

Proof :

Necessity: Suppose that f is a r*bg* - closed map.
Let S € Y and U be an open subset of X such that
f4S) € U Let V=Y - f(X - U). Since f is
r*bg* - closed, V is r*bg* - open set containing S
such that f (V) c U.

Sufficiency: let F be a closed set of X. Then
f1((f (F))°) < F® and F° is open. By assumption, there
exist a r*bg* - open set V of Y such that (f(F))* < V
and f %(V) € F® and so F € (f *(V))°. Hence
Ve c f(F) € f((f X(V))*) € V¢ which implies that
f(F) = VC Since V¢ is r*bg* - closed, f(V) is
r*bg* - closed and therefore f is r*bg* - closed.
Theorem 3.29

Iff: X > Yisaclosedmapandg:Y — Z is
r*bg* - closed map then g o f: X — Z is
r*bg* - closed map.

Proof :

Letf: X > Yisaclossdmapandg: Y — Zisa
r*bg* - closed map. Let V be any closed set in X.
Since f: X — Y is closed map, (V) is closed in Y
and since g : Y — Z is r¥*bg* - closed map, g(f(V)) is

r*bg* closed in Z. Therefore g o f: X — Z is
r*bg* - closed map.

Remark 3.30

The following example shows that the composition
of  two r*bg* - closed maps is
r*bg* - closed map.

Example 3.31

Let X = Y = {a b, c} with topologies
T = {o, X, fa}}, o = {g, Y, {b}} and
n=1{9,7Z,{a}, {b,c}}.Defineamapf: X —Y by

fla)=b, f(b)=aand f(c)=cand amap g: Y — Z by
g(a) = b, g(b) = a, g(c) = c. Then both f and g are
r*bg* - closed maps but their composition

ISSN: 2277-9655
Scientific Journal Impact Factor: 3.449
(ISRA), Impact Factor: 2.114

g o f: X — Z is not r*bg* - closed map. Since for the
closed set {b, c} in X, (g o H)({b, ¢}) = {b, ¢} is
r*bg* - closed set in Z.
Remark 3.32

Iff: X — Y is r*bg* closed map and
g:Y — Z is closed then their composition need not
be a r*bg* - closed map as seen from the following

example.
Example 3.33
Let X =Y = {a b, ¢} with the topologies

1=1{9, X, {a}, {b}, {a, b}, {b,c}},0={0, Y, {a, b},
{b}} and n = {o, Z, {b}, {b, c}, {a, b}}. Define a
map f: X — Y by f(a) = a, f(b) =c, f(c) =b and
g:Y—>Zbyga) =D, gb)=a, g(c)=c. Thenfisa
r*bg* - closed map and g is closed map. But their
composition g ° f: X — Z is not a r*bg* - closed
map. Since for the closed set {a, b} in X,
(g H({a, b}) = {b, c} is not r*bg* - closed in Z.
Theorem 3.34

For any bijection f : (X, 1) — (Y, o) the
following are equivalent.

a) f 1 1 (Y, o
r*bg* — continuous.

b) fisar*bg*— open map.

c) fisar*bg*— closed map.

Proof:

a) = (b): Let U be an open set of (X, 1). By
assumption, (f Hl(U) = f (U) is
r*bg* — open in (Y, o) and so f is
r*bg* — open map.

b) = (c): Let F be a closed set of (X, t). Then
F¢ is open in (X, 1). By assumption, f (F°) is
r*bg* — open in (Y, o). (i.e), f (F°) = (f (F))°
is r*bg* — open in (Y, o) and therefore f (F)
is r*bg* — closed in (Y, o). Hence f is
r*bg* — closed.

c) = (a) : Let F be a closed set of (X, 1). By
assumption, f (F) is r*bg* —closed in (Y, o).
But f (F) = (f ) X(F) and therefore f * is
r*bg* —continuous on Y.

Theorem 3.35

If f: X —> Y is a continuous, r*bg* - closed map
from a normal space X onto a space Y, then Y is
normal.

Proof :

Let A, B be disjoint closed sets of Y. Then f 1(A)
and f 1(B) are disjoint closed set of X. Since X is
normal there are disjoint open sets U, V in X such
that f 2(A) € U and f (B) < V. Since f is
r*bg* - closed, then by theorem 3.28, there exists
r*bg* - open sets G, H in Y such that A € G, B € H,
f1(G) € U and f 1(H) € V. Since U, V are disjoint,
int(G) and int(H) are disjoint open sets. Since G is

— (X, is

7)
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r*bg* - open A is closed and A € G, A < int(G).
Similarly B < int(H). Hence Y is normal.
Theorem 3.48

Iff: (X, 1) — (Y, o) is an open, continuous,
r*bg*- closed surjection and cl(F) = F for every
r*bg* - closed set in (Y, o), where X is regular, then
Y is regular.

Proof :

Let U be an open set in Y and p € U. Since f
is surjection, there exists a point x € X such that
f(x) = p. Since X is regular and f is continuous, there
is an open set V in X such that x € V c cl(V)
c f (V). Here p € f(V) c f(cl(V)) c U — (i).

Since f is r*bg*- closed, f(cl(V)) is r*bg*- closed set
contained in the open set U. By hypothesis,
cl(f(cl(V))) = f(cl(V)) and
cl(f(V)) = cl(f(cl(V))) — (ii).

From (i) and (ii), we have p € f(V) c cl(f(V)) c U
and f(V) is open, since f is open. Hence Y is regular.
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